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Abstract: The concept of a noncommutative field is formulated based on the interplay 
between twisted Poincare symmetry and residual symmetry of the Lorentz group. Various 
general dynamical results supporting this construction, such as the light-wedge causality 
condition and the integrability condition for Tomonaga-Schwinger equation, are presented. 
Based on this analysis, the claim of the identity between commutative QFT and noncom- 
mutative QFT with twisted Poincare symmetry is refuted. 
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1. Introduction 

Symmetry principles are invaluable guiding tools in the formulation of physical theories. 
Lie-group based symmetries proved their full worth in the construction of relativistic quan- 
tum field theory, in gauge field theories - actually in all the experimentally proven theories 
that are known. The more exotic quantum groups have been exhaustively studied starting 
with the SOties; they have been mostly explored in various deformations of quantum me- 
chanical systems, but not in the formulation of field theories. It is therefore natural that 
one particular deformation used in quantum groups, the twist, has become very popular 
since the twisted Poincare algebra was put in connection with the actively studied noncom- 
mutative field theories ^ . The connection between noncommutative space-time |2|, |3| and 
quantum symmetry has its precursors in the context of string theory and quasitriangular 
Hopf algebras Q , followed shortly by an approach in the dual language of Hopf algebras 
Q. What especially attracted interest when the twisted Poincare algebra was rediscovered 
as a symmetry of noncommutative space-time was the realization that its representation 
content is the same as the one of the usual Poincare algebra [|l| . At the time there was a well 
known problem conserning the representation content of the theory, which was now solved 
by the discovery of this new symmetry. The problem, as perceived earlier (see, for example, 
Q), was that NC QFT on four-dimensional space-time was known to be symmetric under 
a subgroup of the Lorentz group, 50(1, 1) x 50(2) (in case the time is noncommutative) 
or 0(1, 1) X S0{2) (which contains also reflection and is valid in case time is commuta- 
tive) 0, which are both Abelian groups and thus have only one-dimensional irreducible 
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representations. Thus, the notion of spin seemed to be irremediably lost in NC QFT. 
Twisted Poincare algebra rescued the spin of the representations and, moreover, indicated 
that one-particle irreducible representations retain the same classification in terms of mass 
and spin as in the case of Poincare symmetry. Twisted Poincare symmetry became thus a 
new concept of relativistic invariance for NC QFT |^. 

Another thing that made the twist deformation very ahuring was its simpHcity. For the 
consistency of argumentation proposed in this paper we shall repeat a few main formulas 
of the construction of the twisted Poincare algebra (for details on twist deformations and 
other quantum group techniques, see Refs. [l^, |ll|). The twisted Poincare algebra is 
the universal enveloping of the Poincare algebra IA{V), viewed as a Hopf algebra, deformed 
with the Abelian twist element [12| 

T = e^v{l^O^"'P^.(^P^ , (1-1) 

where O^y is a constant antisymmetric matrix (and not a tensor, i.e. it does not transform 
under the Lorentz transformations) and are the translation generators. This induces 
on the algebra of representations of the Poincare algebra the deformed multiplication, 

m o [(f) ip) = (^ij: — >■ o ((/) (g) i/>) = mo !F~^[cl) ® if)) = (p-kx/j , (1-2) 

which is precisely the well known Weyl-Moyal ★-product (taking the Minkowski space 
realization of P^, i.e. = —id^): 

★ = exp 9 ^ 6^, y (1.3) 



The twist (IJ.) does not affect the actual commutation relations of the generators of 



the Poincare algebra V: 

[Pf.,Pu] = 0, 

[M^y.M^p] = -i{r]^,aM^p - il^pM^a - VuaM^p + r]^pM^o). (1.4) 

Consequently also the Casimir operators remain the same and the representations and 
classifications of particle states are identical to those of the untwisted Poincare algebra. 

However, the twist deforms the action of the generators in the tensor product of rep- 
resentations, or the so-called coproduct. In the case of the usual Poincare algebra, the 
coproduct Aq S l^iV) x 1{{V) is symmetric, 

Ao{Y) = Y ^1 + 1(^Y, (1.5) 

for all the generators Y £ V. The twist deforms the coproduct Aq to A^ G Ut{V) xUtiV) 
as: 

Ao{Y)^ At{Y)=J'Ao{Y)J^-\ (1.6) 
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This similarity transformation is compatible with all the properties of U(V) as a Hopf 
algebra, since J- satisfies the twist equation: 



J'uiAo (S) id)J^ = T23iid Ao)T , (1.7) 

where J^i2 = ^ I and J^23 = 1® J^- 

The twisted coproducts of the generators of Poincare algebra turn out to be: 

At(P^) = Ao(P^) = ® 1 + 1 ® P^, (1.8) 
MMf,u) = «) 1 + 1 ® M^^ (1.9) 

Thus the twisted coproduct of the momentum generators is identical to the primitive 
coproduct, eq. ( |1.8| ), meaning that translational invariance is preserved, while the twisted 
coproduct of the Lorentz algebra generators, eq. ( |1.9[ ), is nontrivial, implying the violation 
of Lorentz symmetry. 

Taking in ( |1.2D (j){x) = and ip{x) = x^, one obtains: 

[x^,Xu]i, = i9f,u- (1-10) 

This is the usual commutation relation of the Weyl symbols of the noncommuting coordi- 
nate operators x, 

[x^,x„] = iO^y, (1.11) 

which is obtained in the Weyl-Moyal correspondence. Thus, the construction of a NC 
quantum field theory through the Weyl-Moyal correspondence is equivalent to the proce- 
dure of redefining the multiplication of functions, so that it is consistent with the twisted 
coproduct of the Poincare generators ( pT^ ) Q . 

As such, one would expect that all the features obtained in the past for NC QFT, like 
the connection between topology of space-time and the UV behaviour [|l3|, UV/IR mixing 
1 14], the light-wedge causality condition ||7, 15, |l^], preservation of CPT symmetry and spin- 



statistics relation |15|, formulation of noncommutative gauge theories with symmetry under 
*-gauge transformations |17] obeying very strict rules [18|, Lorentz-symmetry violation of 



the S'-matrix in interacting NC theory |19] etc. would be confirmed by the symmetry of 
NC QFT under twisted Poincare algebra. 

The alluring simplicity of the twist turned it into the key-concept based on which 
noncommutative (quantum) field theories and noncommutative gravity have lately been 
studied. The recipe for extending the twist to other symmetries, like gauge symmetries 
and diffeomorphism transformation, seemed also at hand: one had to consider a com- 
mutative model with a certain symmetry, extend that symmetry by the Poincare algebra 
through a direct or semidirect product, and use the twist element (|l.lD to deform the new 



enveloping algebra. The ^-product (L3) would automatically appear instead of the usual 



multiplication, due to (1^), and the result would be a noncommutative gauge theory, for 



instance, with twisted gauge symmetry. 
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Using the twist deformation by the Abehan twist (^^) and also the prescription given 
above, new results appeared in the literature, contradicting all the above mentioned fea- 
tures of noncommutative quantum field and gauge theories: the UV/IR mixing allegedly 
disappeared |2^; the spin-statistics relation was claimed not to hold |2^; twisted diffeo- 
morphisms seemed to provide the general coordinate transformations in noncommutative 
gravity constructed with an immutable coordinate-dependent :*r-product |2^; noncommu- 
tative gauge theories appeared to be easily constructed with symmetry under any gauge 



group (not only Ui,{n)) and possessing any representations [23, until finally NC QFT 



seemed to have the usual, light-cone causality condition as well as Lorentz symmetry, and 
ultimately to be identical to commutative QFT ||2^, 27 1. 

The various controversies that ensued were resolved in favour of the traditional dy- 



namical approach to NC QFT: the UV/IR mixing was shown still to be present |28 



the spin-statistics relation was proven to hold |28, the twisted gauge theories and 

implicitly the twisted diffeomorphisms were shown to be constructed in a manner inconsis- 
tent with the concept of gauge invariance |32, 33 1, thus leaving only the option of *-gauge 
symmetry with its restrictions. The consistent use of the twist deformation technique 
turned out to support the dynamical calculations. We shall not return to these issues in 
this paper. 

In this paper we shall show the intrinsic impossibility of the identity between non- 
commutative and commutative (quantum) field theory. We shall approach the subject 
from different points of view: a general argument, based on Pauli's Theorem; a general 
derivation of the causality condition in noncommutative interacting theories as integrabil- 
ity condition for the Tomonaga-Schwinger equation; and finally a new interpretation of 
the noncommutative field operator itself in a theory with twisted Poincare symmetry. All 
these approaches will lead to the same conclusion, that the twisted Poincare symmetry of 
noncommutative (quantum) field theory is reduced to the residual 0(1, 1) x SO (2) sym- 
metry, but still carrying representations of the full Lorentz group. Consequently, Lorentz 
invariance is absent and noncommutative QFT is in essence different from commutative 
QFT. 



2. Lorentz invariance and Pauli's Theorem 

In 1957, after learning that weak interactions violate parity, Pauli introduced what we shall 
call the Pauli group (not to be confused with the group of the cr-matrices!) in order to 



explain why the violation of parity had not been earlier recognized in beta-decay |34]. In 
our case we shall use not the Pauli group itself, but the philosophy behind it, as described 
in H. 

Let C{gi; ipj) be the Lagrangian density of a system of fields, where i/jj denotes the field 
operators and gi a fundamental parameter, such as a mass, or a coupling constant, or - in 
our case - the noncommutativity parameter. Assuming that the field operators transform 
under a group G as 

^j^i^j, (2.1) 
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the change in L caused by (^]^) can be compensated by a change in the parameters, 



9i ^ 5i, (2.2) 
such that the Lagrangian density would be invariant, 

£(gi;V',) = £(5:;V';)- (2.3) 

An observable quantity will depend on the set of parameters in the Lagrangian, but not 
on the field operators. If G is a symmetry group of the system described by the Lagrangian 
L[gi\'i\)j)^ then an observable 0{(ji) must satisfy the condition: 

0{g,) = 0{g[), (2.4) 

in other words, 0{gi) must be a function of gi invariant under G. 

The statement ( |2.4| ) will be called Pauli's Theorem in what follows. There is a question 
whether this theorem is valid for the Lorentz group or not. Practical calculations show that 
the S-matrix elements depend not only on Lorentz invariant combinations such as O'^'^O^u, 
but also on non-invariant p^9fj,i^k'^, p^O^^f^'^'^ky etc., indicating violation of Pauli's Theorem. 
It is plausible, therefore, that Pauli's Theorem is valid only for internal symmetry group 
G and for a finite set of parameters {<?«}, just like the Coleman-Mandula Theorem. The 
momenta p ,k,... are not present in the original Lagrangian and they can not be included in 
the finite set of parameters, showing explicitly violation of Pauli's Theorem for the Lorentz 
group*. 

Based on this general argument we have to conclude that Lorentz invariance is violated 
in NC QFT with twisted Poincare symmetry, if the parameter ^^i/ appears in the observ- 
ables. The complete disappearance of Ofj,^ from the observables or its presence contracted 
only to itself would be the effect of a peculiar conspiracy of accidents. 

In actual calculations performed in NC QFT the appearance of O^u contracted with 
momenta of particles is commonplace, and it is the reason for the emergence of UV/IR 
mixing and of the light-wedge causality condition 0, 15 , 16 ] , to name only two essential 



aspects with far-reaching consequences, among which the failure of analyticity of the scat- 



tering amplitude [36| and the nonexistence of high-energy bounds of the Froissart-Martin 



type on the total cross-section in NC QFT [p^] are representative examples. 



*If one erroneously applies this theorem to the Lorentz group one may come to the conclusion of Lorentz 
symmetry for NC QFT. For example, in Ref. such a conclusion was drawn in the axiomatic approach 
to NC QFT. While justly observing that the shifts of coordinates ^-commute among themselves and the 
noncommutative Wightman functions, as translationally invariant objects, depend only on shifts of coor- 
dinates, it was however overlooked that the shifts of coordinates contracted with are also commuting 
variables which may (and will) appear in the Wightman functions. Indeed, by shifting the coordinates in a 
★-product of functions, the ^-dependence does not vanish. Should the 0-dependence of the Wightman func- 
tions disappear by the shift of coordinates, it would mean that the requirement of translational invariance 
implies necessarily Lorentz invariance. 
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3. The light-wedge causahty condition and the Tomonaga-Schwinger equa- 
tion in NC QFT 



In anticipation of the light-wedge causahty condition, we shah consider that the constant 
matrix has no time-space components, i.e. ^o? = 0, compatible with causality ||3^ and 
unitarity |^9|. Without loss of generality, we choose the coordinate system (which will be 
used throughout the paper) in such a way that the ^-matrix is written in the form: 



/O o\ 

6* 

\0 -6* 0/ 



(3.1) 



i.e. ^23 = ~^32 = ^) while all other components vanish. This configuration of the ^-matrix 
is invariant under the action of the subgroup 0(1,1) x S0{2) of the Lorentz group Q. 
When appropriate, we shall comment on other possible configurations of the 0-matrix as 
well. We further use the notation 

x'' = (x,a), 2/^ = (y,b), (3.2) 
X = {x\ x^),y = {y\ y^),^={x\x^),h = {y\y^) , (3.3) 

and consider (and y'^,y^) as internal degrees of freedom. We thus confine ourselves 

to one time and one space dimension. 

In the following we shall use the integral representation for the Moyal ^-product, which 
reads, in general 

(/ ir g){x) = I d'^y d'^z IC{x- y, z)f{y)g{z) , (3.4) 



where 

^(^' ^) = d\ .a exp[-2i(x0-iy + yO'^z + zQ-^x)] , (3.5) 
TT^ det 8 

with D being the even dimension of the invertible matrix 6, det 6 being its determinant 
and we use the notation xO'^y = x'^ {9~^) ^^y'^ . 

In our case, the invertible part of is a 2 x 2-submatrix in the (2, 3)-plane and the 
integration goes only over the noncommutative coordinates, such that we can write the 
integral form of the ^-product of n functions as: 

(/i */2 * • • • */n)(a;) = j dsiida.2 ■ ■ ■ (ia„/C(a;ai, • • • , a„)/i(x, ai)/2(x, a2) • • • /„(x,an) , 

(3.6) 

where 

/C(a; ai, • • • , a^) = , r, exp[-2z(a6'"^ai + ai6'"^a2 H h a„6'"^a)] . (3.7) 

(vr"' det 6)^1'^ 

The kernel ( |3.7D is SO{2) invariant. 
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Tomonaga-Schwinger equation in two dimensions 



The Tomonaga-Schwinger equation |40, (see also [^]) is the covariant generahzation 
of the Schrodinger equation in the interaction picture, formulated as a functional differ- 
ential equation incorporating arbitrary Cauchy surfaces, and not only those of constant 
Minkowski time. 

In commutative QFT the Tomonaga-Schwinger equation reads: 

i^^^a] = n^nt{x)^(7] , (3.8) 
oa[x) 

where Tiintix) is the interaction Hamiltonian density, and <t is a space-like surface (i.e. a 
surface whose every two points are space-like separated). The existence of solutions for the 
Tomonaga-Schwinger equation is insured if the integrability condition 

-0, (3.9) 



5a{x)5a{x') 5a{x')5(j{x) 
with x and x' on the surface a, is satisfied. This integrability condition then implies 

[rLint{x),rLint{x')]=Q. (3.10) 

Since in the interaction picture the field operators satisfy free-field equations, they satisfy 
Lorentz invariant commutation rules. The Lorentz invariant commutation relations are 
such that ( p.lO| ) is satisfied automatically, since x and x' are space-like separated. 

In the noncommutative case, the use of the interaction picture has the advantage 
that the free-field equations satisfied by the noncommutative fields are identical to the 
corresponding free-field equations of the commutative case. The Tomonaga-Schwinger 
equation in the noncommutative case will read: 

i-^nC] = n,nt{x)MC] , (3.11) 
n^nt{x\ = \[(t>{x)\l , (3.12) 

where C is a 1-dimensional surface (i.e. a curve) embedded in the plane of commutative 
coordinates {x^,x^). The fields 0(2;) satisfy free-field equations and the Hamiltonian of 
interaction is built up by multiplying the fields. 
The integrability condition is: 



[Uint{x)i.:'Hint{y)A = > for x, y S C , (3.13) 



which we can write as 



[(</.*...*0)(x,a),(,/.*...*</))(y,b)] = j J]da^/C(a;a;,.-- ,a;) j J] db^ /C(b; b;, ■ • • ,h'^) 



i=l " i=l 

X [(t>{x, a'l) . . . (/>(x, a^), (/)(y, b'^) . . . 0(y, b^)] 

= 0. (3.14) 
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The commutators of products of fields appearing in ( ^.14 ) are written as products of fields 



at various space-time points multiplied by invariant commutators of fields. A typical factor 
is 

(p{x, a[) . . . (pix, a'„_i)0(y, h[) . . . (j){y, b^.J [(j){x, a'J, (j){y, h'J] . (3.15) 

The fields at every point are independent, since they are systems with an infinite number of 
degrees of freedom. As a result, their products will also be independent. Eq. ( 3.14| ) becomes 



a sum of independent products of fields, whose coefficients have to vanish identically in order 
for the whole sum to vanish. Since the kernel can not vanish, it remains as a necessary 
condition for the commutators of fields to be zero at every point, 

[<P{x,a'i),cl){y,h'j)]=0. (3.16) 

This condition is satisfied outside of the mutual light-cone: 

(x° - y'f - {x' - y^f - (af - b]') - (af - bff < , (3.17) 



since all (j){x) satisfy the same free-field equations and the same invariant commutation 
relatio 
range 



relations as in the commutative case. However, a'- and b^- are integration variables in the 



< (af - bff + (af - b]'f < oo (3.18) 
and therefore the necessary condition becomes 

(x°-yY-(^'-y')'<0, (3.19) 

i.e. the light-wedge causality condition, symmetric under the stability group of 
0(1,1) X 50(2). 

Remark that the light- wedge causality condition is obtained here in a general approach, 
without using the actual mode expansion of the fields, but only the fact that in the inter- 
action picture the field operators satisfy free-field equations and the integral representation 
of the Moyal ^-product. In the Appendix we show that the light-wedge configuration is ob- 
tained for any commutator of ^-products of field operators, starting from the commutator 
with the simplest powers of field operators. 

We should point out that, were we to allow the time to be noncommutative, i.e. Oqi ^ 
(in a Lorentz invariant manner), then time would have entered the ^-product and be inte- 
grated over in the integral representation (|3.4|) . The time variable as an integration variable 



which can not be fixed would have crept in (3.17), resulting in the impossibility of deriv- 



ing any causality condition. We can therefore conclude that quantum field theories with 
noncommutative time do not fulfil an integrability condition for the Tomonaga-Schwinger 
equation. Although some theories with noncommutative time may appear to have desirable 
properties, like unitarity or Lorentz symmetry, these constructions are jeopardized by the 
lack of solution of the Tomonaga-Schwinger equation, implying that the space of states in 
the interaction picture is empty. 

The lack of causality is a problem also in certain theories in which is a Lorentz 
tensor and the Moyal ★-product ( |1.3D is used |43]. The hope of having wedge-causality in a 
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theory with O^y transforming as a Lorentz tensor [^] may be deceptive: the shape of the 
wedge is given by the commuting coordinates, since the nonlocahty in the noncommutative 
directions makes the speed of propagation of a signal infinite in those directions. For a 
wedge to exist it is essential that the time coordinate be commutative. Assuming that 
one starts with a system of reference in which 9f^y has a form similar to ( |3.1D and wedge- 
locality is apparent, since O^i/ is a genuine Lorentz tensor, one can always boost to a 
frame of reference in which O^y picks up time components. In the new system, time 
is noncommutative, consequently the wedge simply disappears. In order to transform a 
wedge into another by a Lorentz transformation, one has to discard all the transformations 
which give 0^1/ nonvanishing time components, but this is to break the Lorentz symmetry 
from the beginning. 

The light-wedge causality condition for NC QFT has been recently obtained in another 
general context, which is the axiomatic formulation. Without any reference to specific 
models, based only on the fact that the Wightman functions have to be defined in NC 
QFT with 7^-products [||]: 

Ty*(xi,X2, ...X„) = {Q\<j)i{xi) -k (t)2{x2) -k ... -k (t)n{Xn)P) , 

it has been shown in [^6| (see also |^^) that the space of test functions smearing these 
noncommutative Wightman functions is one of the Gel'fand-Shilov spaces 5^ with (3 < 1/2. 
These test functions can have finite support only in the commutative directions (if such 
directions exist), therefore the local commutativity condition (or microcausality condition) 
which is central to the axiomatic approach can be formulated only with respect to the 
light- wedge. 

4. Twisted Poincare symmetry and the residual 0(1, 1) x S0{2) invariance 

The dynamical calculations performed or reviewed in this paper show that noncommutative 
quantum field theories with a constant noncommutativity parameter 9^i, break Lorentz 
invariance and, depending on the structure of the 0-matrix, retain a symmetry under 
the Lorentz subgroup SO{l, 1) x S0{2) when % / or under 0(1, 1) x SO{2) when 
Ooi = 0. The second case is of physical interest, since it avoids the known problems 
with causality (3^, 0, |l5| and unitarity , preserving the notion of light-wedge causality. 
General arguments, based on the philosophy of the Pauli group, also support these results. 
It is then natural to expect that a consistent construction based on the twisted Poincare 
algebra leads to the same outcome^^. A rigorous construction of noncommutative fields, 
starting from first principles and twisted Poincare algebra, has only recently been put 
forward [^]. Obviously, the implications of twisted Poincare symmetry on the content 
of one-particle irreducible representations should have bearing also on the definition of 
noncommutative fields, though this relation is not straightforward. Answering the question 
about what a noncommutative field is, in the sense of the actions of the twisted Poincare 

Symmetry is a tool that should be used to determine the underlying dynamics, which must in turn 
explain the success (or failure) of the symmetry arguments. Group theory is a useful technique, but it is 
no substitute for physics." (Howard Georgi, [H) 



-9- 



algebra, will finally lead us to the explicit meaning of twisted Poincare invariance in NC 
QFT. 



4.1 0(1, 1) X S0{2) invariance from the perspective of the twist 

Before moving further to the construction of a noncommutative fields, let us first con- 
sider simple facts relating the twisted Poincare algebra lAt{V) and the residual symmetry 
0(1, 1) X S0{2). With the 0-matrix configuration ( |3.lD , i.e. and as commutative 
coordinates and x"^ and as noncommutative coordinates, one can calculate the twisted 
coproducts of all the Lorentz generators according to the formula (|1.9|). The result is: 



At(Moi) = Ao(Moi) = Moi 1 + 1 O Moi, 

At(M23) = Ao(M23) = M23 ® 1 + 1 O M23 , (4.1) 

while 

At(Mo2) = Ao(Mo2) + ^{Po P3 - P3 ® Po), 
AtiMos) = Ao(Mo3) -^{Po(^P2-P2® Po), 
At{Mi2) = Ao(Mi2) + ^{Pi Pi - P3 ® Pi), 
AtiMrs) = Ao(Mi3) - -(Pi ^ P2 - ^2 ® Pi) • (4.2) 

One can see from ( |4.1| ) that the generators of the stability group of 0^,y, i.e. Mqi which 
generates 0(1, 1) and M23 which generates S0{2), both act through the primitive coprod- 
uct. Just as the preservation of translational symmetry is apparent from the primitive 
coproduct of the momentum generators (^]^), the invariance under the Lorentz subgroup 
0(1, 1) X 50(2) is indicated in the twisted Poincare language by the unchanged coproducts 
of the corresponding generators. According to ( |4.2| ), the generators whose coproducts are 
deformed are those which mix the commutative directions with the noncommutative ones. 

If we wish to discuss various invariances in the context of twisted Poincare symmetry, 
we have to ensure that they hold under finite transformations, not only infinitesimal ones. 
To extend the concept of finite Poincare transformations to the twisted case, one has to 
adopt the dual language of Hopf algebras: the algebra of functions F(G) on the Poincare 
group G, as a commutative algebra, is dual to U{V). The algebra F{G) is generated by 
the elements Ali, and a'^, which are complex- valued functions, such that when applied to 
suitable elements of the Poincare group, they would return the familiar real- valued entries 
of the matrix of finite Lorentz transformations, A(^, or the real- valued parameters of finite 
translations, a'^. For example, if we consider the action of elements of F{G) on a Lorentz 
group element e^^"^^""!^ € G (without summation over a and /3), we obtain 

AM (^e-'^^M.,^ ^ {Kp{u^))'t , (4.3) 
a'^ (e'^"''^-'') = 0, (4.4) 
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while the action on translation group elements e*""^" gives 

(e^"^"^-) = 0, 



(4.5) 
(4.6) 



The duality is preserved after twisting, but with deformed multiplication in the dual 
algebra ^. The deformed coproduct of the twisted Poincare algebra Ut{V) turns into non- 
commutativity of translation parameters in the dual Fg(G) 50, 

[A(;,a°] = [A^:, A;^] = 0, A;i,a'^ G Fe{G) . (4.7) 
The "coordinates" x^, generating the algebra of functions with ^-product Cq, transform by 



the coaction of the quantum matrix group (see, e.g., Ref. [11|, p. 61): 

6:Ce^FeiG)(>^Ce 



(4.8) 



as 



{xY = <5(x^) = A^ + a'^ O 1 . (4.9) 

The role of the deformed multiplication of "translation parameters" is to preserve the 
commutation relation of "coordinates" of the quantum space, 



[Xn, Xy_ 



(4.10) 



the products being of course taken with the appropriate multiplication in Fg{G) Ce- 

Due to the nontrivial commutation relations ( |4.7| ) , in the twisted case the functions a^ 
are no more complex-valued (though still are, and satisfy (4.3) and ([4.5|)). However, 
there are elements of the Poincare group for which the values of the functions a'^ are still 
commutative. Such simple cases are the translations and the trivial Lorentz transforma- 
tions, = 5^, but they are not the only ones. For definiteness, let us consider various 
relevant finite twisted Lorentz transformations, as follows (again, the ^-matrix is assumed 
as in (U)): 

i) A boost in the commutative direction x^: 

( cosh a sinh a \ 
sinha cosh a 



A, 



01 



V 








1 
01/ 



(4.11) 



a) A rotation between the noncommutative coordinates, x^ and x^: 

/l \ 
10 

COS 7 sin 7 
\^ — sin 7 COS 7 j 



A 



23 



(4.12) 



■''A basic property of the duality is that the coproduct and muItipUcation of the deformed Hopf algebra 
directly influence the multiplication and coproduct, respectively, of the deformed dual Hopf algebra (see, 
e.g., Refs. 
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in) A rotation between a commutative and a noncommutative coordinate, and 



A 



12 



/l o\ 

COS (3 sin /3 
— sin (3 cos f3 
\0 1/ 



(4.13) 



Using the general commutation relations (|4.7D applied to the corresponding elements 
of the Lorentz group, we obtain in the cases i) and ii) 



[a'^(<7),a'^(<7)] = K,a1=0, 



(4.14) 



where g is either g'^''^{")A'fti qj- ga;23(a)M23^ respectively. (This result holds also when time 
is noncommutative and the 0-matrix contains a nontrivial block in the upper left corner, 
001 = -010 = 0'.) 

In the case in), when commutative and noncommutative coordinates mix, we obtain 



g2 ^gC^i^(/3)Mi2j ^^3 ^gC^i^(/3)A/i2 
^1 (^i^^Hmh2] ^3 {^^^HP)Mi2 



ie{l - cos p) 
— i6 sin P , 



(4.15) 



all the other commutators being zero. One can check that for all other Lorentz transfor- 
mations mixing commutative and noncommutative directions, nontrivial commutators of 
"translation parameters" arise. 

Once more it appears that in the twisted Poincare context, the Lorentz transforma- 
tions corresponding to the stability group of 6f^u behave just as in the commutative case, 
while the Lorentz transformations mixing the commutative and noncommutative directions 
require peculiar noncommuting translations. Remark that we imposed the Lorentz trans- 
formation Hi), and we ended up with accompanying noncommuting translations showing 
up as the internal mechanism by which the twisted Poincare symmetry keeps the commu- 
tator (4.10) invariant^. While one can still conceive an abstract geometrical meaning for 
the transformed generators x'^^ G Fg{G) (8) Cg, it is a conceptual challenge to confer them a 
physical meaning. 

4.2 Fields in noncommutative space-time 

Equipped with these results, let us return to the concept of a noncommutative field and 
the action of twisted Poincare transformations on it. It was proposed in I^Oj that the 
construction of noncommutative fields should be started (as in commutative theories) from 



^We can view these translations as taking upon themselves the noncommutativity which would be 
naturally bestowed on the combination of commutative and noncommutative coordinates. For example, 



in our case, performing the Lorentz transformation (4.13) in the 2:^, a::^-plane would at first sight seem to 
make both coordinates x'^ 



cos (3 -\- x'^ sin (3 and x'' 



-x^ sin f5 + x^ cos (3 noncommutative. With the 



already noncommuting x' 



this would have given three noncommuting directions in the new system of 



reference, and two nontrivial commutators, [x'"^ ^x'"^] and [x''^, a::'^]. However, the twisted Poincare symmetry 
enforces the appearance of the noncommuting translations ( [4.15| ), which reduce the number of nontrivial 

[a;'^a:'^] = iO (as in (p^). 
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first principles, i.e. the general theory of induced representations (see, e.g., Ref. [^] ). 
In the commutative case, a classical field is a section of a vector bundle induced by some 
representation of the Lorentz group. The natural generalization of this construction is not 
succesful in the noncommutative case, mainly because the universal enveloping algebra of 
the Lorentz Lie algebra is not a Hopf subalgebra of the twisted Poincare algebra. As a 
result, Minkowski space M^'^, which in the commutative setting is realized as the quotient 
of the Poincare group by the Lorentz group, G/L (in an obvious notation), has no noncom- 
mutative analogue. For all mathematical details and the subtle points of the comparison 
between the commutative and noncommutative cases, we refer the reader to Ref. [^]. In 
the same paper a way out was proposed, which retains Minkowski space but uses finite 
dimensional Z//('P)-modules with trivial action of all momentum generators instead of 
finite dimensional Lorentz-modules. 



While entirely agreeing with the analysis of Ref. [49|, we would like to propose here 
still another interpretation of the noncommutative field, which is closer to the implications 
of the dynamical calculations. Eqs. ( [4.7[ ), and in particular ( [4.14 ) and ( 4.15| ), show how 



destructive the Lorentz transformations mixing commutative and noncommutative direc- 
tions are for the coordinates: the coordinates become objects belonging to Fq{G) ^ Ce, 
to which one can not assign any numbers. The Minkowski space in the noncommutative 
setting appears not to have the same deep meaning to which we are used in Special Rela- 
tivity, because the commutative and noncommutative coordinates have distinct properties. 
Our proposal is, therefore, to give up the Minkowski space M^''^ in favour of Ri'i x M?, but 
to retain the finite dimensional Lorentz-modules in the constructions of noncommutative 
fields. 

Specifically, a commutative relativistic field has to carry a representation of the Lorentz 
group and at the same time to be a function of the space-time coordinates x'^ € M^''^ ^. 
The consistent construction, such that the actions of the Poincare group can be defined 
on the field, is achieved by the method of induced representations. The commutative field 
turns out to be an element of C°°(M"'^''^) (E> V, where C°°(M^'^) is the set of smooth functions 
on Minkowski space and y is a Lorentz-module (a space of representations, bearing the 
actions of the Lorentz group). Since the field is defined as a tensor product, the action of 
the Lorentz group on it has to go through the coproduct, which in the commutative case 



is the primitive coproduct (L5) and this is readily achieved since both C°°(M^'^) and V 
admit actions of the Lorentz group. 

In the case of twisted Poincare algebra, when trying to act with a Lorentz generator 
on an element of C°°(M^'^) V, 

^ = ^fi(^Vi, /i E C7°°(Mi'3) , ViGV, (4.16) 

i 

one has to use the twisted coproduct and at this point the procedure fails. The twisted 



coproduct of Lorentz generators (4^) contains terms which require the action of the mo- 



mentum operator on the elements of V, but V - a Lorentz-module - does not admit the 



^This statement and the argumentation below it are presented in an intuitive manner, disregarding 
mathematical rigour. For a rigorous treatment we refer the reader to Ref. |49[. 
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action of P^. This is why it was proposed in |49| to replace the Lorentz-module by a 



Z//('P)-module with trivial actions of the momentum generators. The consequences of this 
construction are found in |49]. 

We propose as a simpler solution to retain y as a Lorentz-module, but to simply discard 
the action of all those Lorentz generators which are not allowed because of the additional 
terms containing the inadmissible momentum generator P^. Recall from ( [4.1D and ( [4.2| ) 
that the generators of the stability group of still act via the primitive coproduct, 
therefore their action on elements of V is not prevented in any way. Their algebra also 
closes (it is the Abelian algebra o(l, 1) x o(2)). 

To conclude, we propose that the noncommutative field be in C°°(M^'^ x M^) (g) V ^ 
thus carrying representations of the full Lorentz group, hut admitting only the action of the 
generators of the stability group ofO^u, i.e. 0(1,1) x S0{2)^^. 

The generalization of this statement to the quantum case is straightforward: the field 
= fi'^Vi becomes an operator through fi = Ai®gi which belong to O^C^iM}'^ xR^), 
where O is an algebra of field operators acting on the Hilbert space of states. The product 
of the field operators is not influenced by the twist, while the functions of C°°(M^'^ x M^) 
are multiplied by the ★-product: 

{A®g)[B®h) = AB(^gi.h, A, B e O , g, h e C°°{R^''^ x R^) . (4.17) 

The Lorentz-module V is in no way affected by the quantization. What is different com- 
pared with the commutative case is that now the field picks up its x-dependence from 
M^'^ X instead of the Minkowski space, which is in full agreement with the dynamical 
calculations. Again, only the action of the generators of the stability group of 0^,^ is al- 
lowed and it goes through the primitive coproduct. Since the quantum field $ carries a 
representation of the Lorentz group through Vi, the field operators Ai will carry in their 
turn corresponding Lorentz representation indices. This, together with the usual product 
in the algebra of operators O, make the Hilbert space of states (in essence, the Fock space) 
identical to the one of the commutative QFT**. 

5. Conclusions 

In this paper we have studied the confrontation of the Lorentz symmetry, the residual 
0(1, 1) X 5*0(2) symmetry and the twisted Poincare symmetry in noncommutative QFT 



with constant antisymmetric parameter O^u- Based on Pauli's Theorem |34, we con 



eluded that the Lorentz group can not provide a symmetry for NC QFT. We have presented 



"Loosely stated, the diflerence between the approach of Ref. [[19| and the present one is the foUowing: 
while in Ref. the noncommutative fields were induced by a part of the representations of the Lorentz 
group, but carrying the action of all the generators of the Poincare algebra through the twisted coproduct, 
in this paper we advance the idea of having the noncommutative fields induced by all the representations 
of the Lorentz group, but carrying only the action of the generators of the stability group of O^^. An 
advantage of the latter approach is that the finite transformations of the noncommutative fields are readily 
obtained. 

** Consequently, the spin-statistics relation holds just as in the commutative case. 
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a new dynamical result, the Tomonaga-Schwinger equation in the interaction picture of NC 
QFT, which supports the previous computations in various models, showing the infinite 
nonlocality in the noncommutative directions, the emergence of the light-wedge causality 
condition and the symmetry of NC QFT under the stability group of O^p, 0(1,1) x SO (2). 
This result is general and of significance for building up concrete noncommutative models. 

Persuaded that the dynamical calculations and the symmetry arguments have to match 
each other in NC QFT as in any other physical theory, we embarked upon deepening our 
understanding of what is meant by twisted Poincare invariance. Following the proposal 



of Ref. 1 49] to approach the definition of the noncommutative fields starting from the 
method of induced representations, we proposed in Section 4.2 a new interpretation for the 
noncommutative fields. With this construction, the meaning of the twisted Poincare sym- 
metry in NC QFT becomes transparent: it represents actually the invariance with respect 
to the stability group of 9^u, while the quantum fields still carry representations of the full 
Lorentz group and the Hilbert space of states has the richness of particle representations 
of the commutative QFT. 

Thus, the twisted Poincare symmetry and the invariance under the stability group of 
Gfiu peacefully coexist in NC QFT. Lorentz symmetry can not be achieved with constant 
noncommutativity parameter, therefore noncommutative QFT can not be interpreted as 
indistinguishable from commutative QFT. 

Acknowledgements 

We are much grateful to Peter Presnajder, Shahin Sheikh-Jabbari and Ruibin Zhang for 
useful discussions. A.T. acknowledges the project no. 121720 of the Academy of Finland. 



Appendix 



A. Light-wedge configuration 

Instead of showing that, in general, 

[nint{x)^,nint{yU (A.i) 

does not vanish identically for (x^ — y^)^ < (x — y)^ we choose a simpler commutator 

[</>(x),(/>(y) *(/>(2/)]. 

We know that it vanishes for (x^ — )2 < (x^ - y^f, but we now want to show that it 
does not necessarily vanish for(x'^ — y^)'^ < (x — y)^. 
For this purpose we consider it in the form 

[(t>{x),^{y) * (t>{y)] = iA{x - y) ★ 4>{y) + i(l){y) ★ A(x - y) . (A.2) 

Writing the field in terms of the Fourier transform 

ct>{y) = Y^e^i-ym, (A.3) 
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( |A.2|) is proportional to 

^ e''-y [A(x° - y\ x^-y\x^-y^ + eh, x^-y^- 9h)+ (A.4) 
I 

A(x^-y^,X^-y\x^-y^-ei3,X^-y^ + ei2)] . (A.5) 

For this to vanish the quantity in brackets should vanish for every / since all are linearly 
independent. We will now show that this does not happen in a special configuration, where 
x^ — = x^ — y^ = and I2 = 0, which implies the light cone condition {xP — y^)"^ < 

Let us choose x'^ — y"^ + 6I3 = 0. Now in the first term of ( |A.4| ) all the space coordinates 
vanish and —{x^ — y^)^ < 0, i.e. the vector is timelike and this term survives in the 
integration. Therefore the commutator [</>(x), i;^>(y) does not vanish for {x^ — y^)"^ < 

(x — y)'^ even though it vanishes for 

ix'-yy<ix'-yr 

and we can conclude that the commutator does not vanish for a space-like separation if 
the light-wedge condition is not met. 
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